
Newman Janis Algorithm

1 Calculations

The standard kerr metric is given by

ds2 = −
(

1− 2Mr

ρ2

)
dt2 − 4Mar sin2 θ

ρ2
dtdφ+

Σ

ρ2
sin2 θdφ2 +

ρ2

∆
dr2 + ρ2dθ2

where,
ρ2 = r2 + a2 cos2 θ, ∆ = r2 − 2Mr + a2 and Σ = (r2 + a2)2 − a2∆ sin2 θ

gµν =

∣∣∣∣∣∣∣∣∣
−
(

1− 2Mr
ρ2

)
0 0 − 2Mar sin2 θ

ρ2

0 ρ2

∆ 0 0
0 0 ρ2 0

− 2Mar
sin2 θ

ρ2 0 0 Σ
ρ2 sin2 θ

∣∣∣∣∣∣∣∣∣
and the Schwarzschild metric is given by

ds2 = −
(

1− 2M

r

)
dt2 +

1

1− 2M
r

dr2 + r2dθ2 + r2 sin2 θdφ2

Switching to Eddington-Finkelstein coordinate with x0′
= t+ r, we have

ds2 = −
(

1− 2M

r

)
dv2 + 2dvdr + r2dθ2 + r2 sin2 θdφ2

And the metric looks like:

gµν =

∣∣∣∣∣∣∣∣
−
(
1− 2M

r

)
1 0 0

1 0 0 0
0 0 r2 0
0 0 0 r2 sin2 θ

∣∣∣∣∣∣∣∣ and gµν =

∣∣∣∣∣∣∣∣
0 1 0 0
1 1− 2M

r 0 0
0 0 1/r2 0
0 0 0 1

r2 sin2 θ

∣∣∣∣∣∣∣∣
Based on the choice of normalization l · n = 1 and m · m̄ = −1,we have:

gµν = lµnν + nµlν −mµm̄ν − m̄µmν

In advanced Eddington-Finkelstein coordinate, the null geodesic is directed to-
wards ∂v, thus let us take that as lµ and assuming mv = mr = 0. Thus, the
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null tetrad can be calculated from the metric tensor in this coordinate and is
given by:

lµ = (0, 1, 0, 0) (1)

nµ =

(
1,

1

2

(
1− 2M

r

)
, 0, 0

)
(2)

mµ =
1√
2r

(
0, 0, 1,

ι

sin θ

)
(3)

m̄µ =
1√
2r

(
0, 0, 1,− ι

sin θ

)
(4)

Under the Newman-Janis transformation, r′ → r+ıa cos θ and v′ → v− ıa cos θ,
we have:

l′a =
∂x′a

∂xa
la =

∂x′a

∂r
lr

= δar

n′a =
∂x′a

∂xa
na =

∂x′a

∂v
nv +

∂x′a

∂r
nr

= δav −
f(r)

2
δar

= δav −
1

2

(
1−M 1

r
−M 1

r̄

)
δar

= δav −
1

2

(
1− 2Mr

r2 + a2 cos2 θ

)
δar

The last two of the tetrads can be calculated as follows:

∂r′

∂θ
=

∂

∂θ
(r + ıa cos θ) = −ıa sin θ (5)

∂v′

∂θ
=

∂

∂θ
(v − ıa cos θ) = ıa sin θ (6)

Now, moving onto the tetrads

ma =
1√
2r

(
δaθ +

ı

sin θ
δaφ

)
and m̄a =

1√
2r̄

(
δaθ −

ı

sin θ
δaφ

)
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Transformed tetrads are given as:

m′a =
∂x′a

∂xa
ma =

∂x′a

∂xθ
mθ +

∂x′a

∂φ
mφ

=

(
∂x′a

∂r′
∂r′

∂θ
+
∂x′a

∂v′
∂v′

∂θ
+
∂x′a

∂θ′
∂θ′

∂θ

)
mθ +

∂x′a

∂φ
mφ

= (−ıa sin θδar′ + ıa sin θδav′ + δaθ )mθ +
∂x′a

∂φ
mφ

=
1√
2r

(
δaθ + (δav′ − δar′)ıa sin θ +

ı

sin θ
δaφ

)
(using mθ = 1√

2r
δθθ)

=
1√

2(r′ − ıa cos θ)

(
δaθ + (δav′ − δar′)ıa sin θ +

ı

sin θ
δaφ

)

Now, m̄a

m̄′
a

=
∂x′a

∂xa
m̄a =

∂x′a

∂xθ
m̄θ +

∂x′a

∂φ
m̄φ

=

(
∂x′a

∂r̄′
∂r̄′

∂θ
+
∂x′a

∂v̄′
∂v̄′

∂θ
+
∂x′a

∂θ′
∂θ′

∂θ

)
m̄θ +

∂x′a

∂φ
m̄φ

= (ıa sin θδar′ − ıa sin θδav + δaθ ) m̄θ +
∂x′a

∂φ
m̄φ

=
1√
2r̄

(
δaθ − (δav − δar′)ıa sin θ − ı

sin θ
δaφ

)
(using m̄θ = 1√

2r̄
δθθ)

=
1√

2(r′ + ıa cos θ)

(
δaθ − (δav − δar′)ıa sin θ − ı

sin θ
δaφ

)
Thus the relevant metric tensor is given as:

gvv = lvnv + nvlv −mvm̄v − m̄vmv

= 0× δvv + δvv × 0− ıa sin θ√
2(r′ − ıa cos θ)

× −ıa sin θ√
2(r′ + ıa cos θ)

− −ıa sin θ√
2(r′ + ıa cos θ)

× ıa sin θ√
2(r′ − ıa cos θ)

= − a2 sin2 θ

r′2 + a2 cos2 θ

grr = lrnr + nrlr −mrm̄r − m̄rmr

= 1×−f(r)

2
− f(r)

2
× 1− −ıa sin θ√

2(r′ − ıa cos θ)
× ıa sin θ√

2(r′ + ıa cos θ)

− ıa sin θ√
2(r′ + ıa cos θ)

× −ıa sin θ√
2(r′ − ıa cos θ)
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= −
(

1− 2Mr

r′2 + a2 cos2 θ

)
− a2 sin2 θ

r′2 + a2 cos2 θ

= −
(
r2 + a2 cos2 θ − 2Mr + a2 sin2 θ

r′2 + a2 cos2 θ

)
= −

(
r2 − 2Mr + a2

r′2 + a2 cos2 θ

)

gθθ = lθnθ + nθlθ −mθm̄θ − m̄θmθ

= 0× 0 + 0× 0− 1√
2(r′ − ıa cos θ)

1√
2(r′ + ıa cos θ)

− 1√
2(r′ + ıa cos θ)

1√
2(r′ − ıa cos θ)

= − 1

(r′2 + a2 cos2 θ)

gφφ = lφnφ + nφlφ −mφm̄φ − m̄φmφ

= 0× 0 + 0× 0− ı√
2(r′ − ıa cos θ) sin θ

−ı√
2(r′ + ıa cos θ) sin θ

− −ı√
2(r′ + ıa cos θ) sin θ

ı√
2(r′ − ıa cos θ) sin θ

= − 1

(r2 + a2 cos2 θ) sin2 θ

gvr = lvnr + nvlr −mvm̄r − m̄vmr

= 0× −f(r)

2
+ 1× 1− ıa sin θ√

2(r′ − ıa cos θ)

ıa sin θ√
2(r′ − ıa cos θ)

− −ıa sin θ√
2(r′ − ıa cos θ)

−ıa sin θ√
2(r′ − ıa cos θ)

= 1 +
a2 sin2 θ

r2 + a2 cos2 θ

grv = lrnv + nrlv −mrm̄v − m̄rmv

= 1× 1 + 1× 0− −ıa sin θ√
2(r′ − ıa cos θ)

−ıa sin θ√
2(r′ − ıa cos θ)

− ıa sin θ√
2(r′ − ıa cos θ)

ıa sin θ√
2(r′ − ıa cos θ)

= 1 +
a2 sin2 θ

r2 + a2 cos2 θ

gvθ = lvnθ + nvlθ −mvm̄θ − m̄vmθ

= 0× 0 + 0× 0− ıa sin θ√
2(r − ıa cos θ)

× 1√
2(r′ + ıa cos θ)

− −ıa sin θ√
2(r + ıa cos θ)

× 1√
2(r′ − ıa cos θ)

= 0

gvφ = lvnφ + nvlφ −mvm̄φ − m̄vmφ
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= 0× 0 + 0× 0− ıa sin θ√
2(r − ıa cos θ)

−ı√
2(r − ıa cos θ) sin θ

− −ıa sin θ√
2(r + ıa cos θ)

× ı√
2(r + ıa cos θ) sin θ

= − a

r2 + a2 cos2 θ

grφ = lrnφ + nrlφ −mrm̄φ − m̄rmφ

= 0× 0 + 0× 0− −ıa sin θ√
2(r − ıa cos θ)

−ı√
2(r − ıa cos θ) sin θ

− ıa sin θ√
2(r + ıa cos θ)

× ı√
2(r + ıa cos θ) sin θ

=
a

r2 + a2 cos2 θ

Therefore the metric tensor takes the following form:

gµν =

∣∣∣∣∣∣∣∣∣
− a2 sin2 θ
r′2+a2 cos2 θ 1 + a2 sin2 θ

r2+a2 cos2 θ 0 − a
r2+a2 cos2 θ

1 + a2 sin2 θ
r2+a2 cos2 θ − r2−2Mr+a2

r′2+a2 cos2 θ 0 a
r2+a2 cos2 θ

0 0 − 1
(r′2+a2 cos2 θ) 0

− a
r2+a2 cos2 θ

a
r2+a2 cos2 θ 0 − 1

(r2+a2 cos2 θ) sin2 θ

∣∣∣∣∣∣∣∣∣
The inverse metric is given by

gµν =

∣∣∣∣∣∣∣∣∣
1− 2Mr

r2+a2 cos2 θ 1 0 2Mar sin2 θ
r2+a2 cos2 θ

1 0 0 −a sin2 θ
0 0 − 1

r2+a2 cos2 θ 0
2Mar sin2 θ
r2+a2 cos2 θ −a sin2 θ 0 −

[
(r2 + a2) + 2Mar sin2 θ

r2+a2 cos2 θ

]
sin2 θ

∣∣∣∣∣∣∣∣∣
This result matches with Chandrasekhar’s Mathematical Theory of Black Hole,
pg 307. The Newman Janis Algorithm is Einstein Field Invariant, it doesn’t
break the diffeomorphism invariance.
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